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Abstract—This letter develops a one-dimensional (1D)
diffusion-based molecular communication system to analyze
channel responses between a single transmitter (TX) and two
fully-absorbing receivers (RXs). Incorporating molecular degra-
dation in the environment, rigorous analytical formulas for the
fraction of molecules absorbed and the corresponding hitting rate
at each RX are derived when an impulse of molecules are released
at the TX. Furthermore, the number of absorbed molecules at
each RX for continuous emission at the TX is obtained. By using
particle-based simulations, the derived analytical expressions are
validated. Simulations also demonstrate that the mutual influence
of two active RXs reduces to zero when the two RXs are
sufficiently far from each other.
I. INTRODUCTION
Molecular communication (MC) is one of the most promis-
ing solutions to nano-scale communications. In MC, infor-
mation is encoded into small particles that are released by
a transmitter (TX) into a fluid medium and propagate until
they arrive at a receiver (RX). Moreover, MC can be biocom-
patible and consumes low energy. These characteristics make
MC suitable for applications such as targeted drug delivery,
pollution control, and environmental monitoring [1].
Most existing MC papers have focused on the modeling
of a single-RX MC system [2]. Some papers, e.g., [3]–[6],
have considered a multi-RX MC system. The majority of such
papers have assumed transparent RXs for tractability due to
the independence among observations at multiple transparent
RXs. However, many practical RX surfaces might interact
with the molecules of interest, e.g., by providing binding sites
for absorption or other reactions [7]. Motivated by this, [4]–[6]
have considered a multi-RX system with non-transparent RXs.
In [4], the capture probability for each receiver was obtained
via simulations. Considering a one-dimensional environment
with two fully-absorbing RXs, [5] derived the total fraction
of molecules absorbed by both RXs. Notably, [6] derived
the fraction of molecules absorbed at each RX in a three-
dimensional (3D) environment with two fully-absorbing RXs.
However, this derivation is an approximation that is only
accurate for short transmission time, as we will show in Sec.
IV. Thus, an exact closed-form expression for the fraction of
molecules absorbed at each RX (i.e., the channel response)
has not been derived yet for any number of dimensions. In an
environment where multiple non-transparent RXs co-exist, one
non-transparent RX would impact molecules received by other
non-transparent RXs. Hence, an accurate characterization of
such dependence makes the derivation of channel response
(CR) cumbersome.
Despite the aforementioned challenges, we provide closed-
form expressions for the fraction of molecules absorbed at
RXs when multiple fully-absorbing RXs co-exist, by taking
Fig. 1. Illustration of the system model, where one TX communicates with
two fully-absorbing RXs in a one-dimensional environment.
into account the mutual influence between RXs. Such ex-
pressions accurately characterize the CR at fully-absorbing
RXs and lay the foundation for future performance evalua-
tion, detection design, and diverse applications (e.g., target
detection using two fully-absorbing RXs) of a realistic multi-
RX system. In this letter, we consider a one-dimensional (1D)
environment where one TX communicates between two fully-
absorbing RXs. The 1D environment is worthy of investigation
since it is a good first approximation for regions between two
close cells, such as chemical synapses in a human body [8].
To capture the effect of molecular chemical reaction on the
received molecules at fully-absorbing RXs, we also consider
molecular degradation in the environment.
Our major contributions are summarized as follows. We
derive the exact closed-form expressions for the fraction of
molecules absorbed and the corresponding hitting rate at each
RX with an impulse emission at the TX. Furthermore, we
change the emission pattern at the TX to continuous release
and derive the expected number of molecules absorbed at each
RX. Aided by a particle-based simulation method, we verify
our analytical results. In addition, we show that the mutual
impact between two RXs reduces to zero when the distance
between two RXs is sufficiently long.
II. SYSTEM MODEL
In this letter, we consider a 1D unbounded environment
where a single TX is located between two fully-absorbing
RXs, i.e., RX1 and RX2, with distance d1 from the RX1
and distance d2 from the RX2, as depicted in Fig. 1. We
consider the TX as a point source that can release an impulse
of particles or continuously release particles with a constant
expected emission rate. We assume that all TX transmissions
(i.e., impulsive or continuous) start at t = 0 s. Once released,
particles diffuse randomly with a constant diffusion coefficient
D. We also consider the first-order chemical reaction (i.e.,
unimolecular degradation) in the environment, where type A
molecules degrade into a new type of molecule φ that cannot
be identified by the RXs, i.e., A k−→ φ [9, Ch. 9], where k
[s−1] is the degradation rate constant. We model the two RXs
as point fully-absorbing RXs, which means that information
molecules A are absorbed as soon as they hit the point RX1
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2or RX2. Furthermore, we consider accumulative-molecule-
counting (AMC) RXs, which indicates that the RXs count
the number of molecules that have been absorbed within the
time interval [t−∆t, t] as received signals at time t.
III. DERIVATION OF CHANNEL IMPULSE RESPONSE
In this section, we derive closed-form expressions for 1)
the expected fraction of absorbed molecules at each RX for
impulsive emission at the TX and 2) the expected received
molecules at each RX for continuous emission at the TX. We
first derive the CR for impulsive emission when one RX exists,
which builds the foundation for deriving the CR when two
RXs exist. Using methods in [10] and the existing expression
for the CR without molecular degradation given by [5, eq.
(3)], the fraction of molecules absorbed by the RX by time t,
denoted as F (d, t), with molecular degradation is
F (d, t) =
1
2
exp
(
−
√
k
D
d
)
erfc
(
d√
4Dt
−
√
kt
)
+
1
2
exp
(√
k
D
d
)
erfc
(
d√
4Dt
+
√
kt
)
, (1)
where d is the distance between the TX and the RX. Using
dF (d,t)
dt , we derive the corresponding hitting rate f(d, t) as
f(d, t) =
d√
4piDt3
exp
(
− d
2
4Dt
− kt
)
. (2)
In the following, we derive the CR when two RXs exist.
We first consider an impulse of molecules released at the
TX. We denote the fraction of absorbed molecules at RX1
and RX2 by time t for impulsive emission by N1(t) and
N2(t), respectively. We also denote the corresponding hitting
probability at RX1 and RX2 by n1(t) and n2(t), respectively.
To derive n1(t) and n2(t), we first discuss the impact of
RX1 on n2(t), based on [6]. As shown in Fig. 1, we divide
all possible diffusion paths of molecules in this environment
into three paths, namely path 1, path 2, and path 3. Path 1 is for
molecules diffusing in the environment, and path 2 and path
3 are for molecules that have hit RX2 and RX1, respectively.
If RX1 is a transparent RX, we can further divide path 3 into
path 3a and path 3b. Path 3a represents molecules staying
at RX1 or returning to the environment after hitting RX1,
and path 3b represents molecules hitting RX2 by time t after
hitting RX1 firstly at time τ < t. Based on this division, n2(t)
is obtained as
n2(t) = f(d2, t)− γ(t), (3)
where f(d2, t) is the hitting probability from TX to RX2 when
only RX2 exists and γ(t) is the hitting rate of path 3b. We
derive γ(t) as
γ(t) =
∫ t
0
n1(τ)f(d1 + d2, t− τ)dτ, (4)
where f(d1 +d2, t− τ) is the hitting probability from RX1 to
RX2 when RX1 is regarded as the TX and RX2 is the only
RX. Combining (3) and (4), we derive n2(t) as
n2(t) = f(d2, t)−
∫ t
0
n1(τ)f(d1 + d2, t− τ)dτ. (5)
Similarly, we obtain n1(t) as
n1(t) = f(d1, t)−
∫ t
0
n2(τ)f(d1 + d2, t− τ)dτ, (6)
where f(d1, t) is the hitting probability from TX to RX1 when
only RX1 exists.
Based on (5) and (6), we solve the closed-form expressions
for N2(t) and n2(t) in the following theorem:
Theorem 1 (Impulsive Emission): The fraction of absorbed
molecules at RX2 by time t for an impulsive emission of
molecules is given by
N2(t) =
∞∑
i=0
[P (2 (i+ 1) d1 + (2i+ 3) d2, t, 2)
−P (2 (i+ 2) d1 + (2i+ 3) d2, t, 2)
−P (2id1 + (2i+ 1) d2, t, 0)
+P (2(i+ 1)d1 + (2i+ 1) d2, t, 0)] , (7)
where P (x, t, a) is given by
P (x, t, a) =
θ
2
√
k
D
(
αβ − α˜β˜
)
− i+ 1
2
(
α˜β˜ + αβ
)
− θ√
piDt
exp
(
− x
2
4Dt
− kt
)
+ (i+ 1). (8)
In (8), θ = (d1 + d2)(i + 1)(i + a), α = exp
(
x
√
k
D
)
,
α˜ = exp
(
−x
√
k
D
)
, β = erfc
(
x√
4Dt
+
√
kt
)
, and β˜ =
erfc
(
x√
4Dt
−√kt
)
. The corresponding hitting probability at
RX2 by time t, n2(t), is obtained by replacing P (x, t, a) with
p (x, t, a) in (7), where p (x, t, a) = dP (x,t,a)dt and is given by
p (x, t, a) =
i+ 1√
4piDt3
exp
(
− x
2
4Dt
− kt
)
×
((
1− x
2
2Dt
)
(d1 + d2) (i+ a)− x
)
. (9)
Proof: Please see Appendix A.
We note that the expected number of molecules observed
at a RX under continuous emission can be obtained by
multiplying the CR under impulsive emission by the emission
rate, and then integrating over time until time t. By doing so,
we derive the expected number of received molecules under
continuous emission in the following theorem:
Theorem 2 (Continuous Emission): The expected number of
absorbed molecules at RX2 by time t due to the continuous
emission of molecules at the TX with an average constant rate
µ, denoted by N2,con(t), is given by replacing P (x, t, a) with
P ∗(x, t, a) in (7), where P ∗(x, t, a) = µ
∫ t
0
P (x, u, a)du and
is derived as
P ∗(x, t, a) =
µθ
2
√
k
D
(
α (ω + β)− α˜
(
υ + β˜
))
− i+ 1
2
(αω + α˜υ) + (i+ 1)t, (10)
where ω =
∫ t
0
erfc
(
x√
4Du
+
√
ku
)
du and
υ =
∫ t
0
erfc
(
x√
4Du
−√ku
)
du.
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Fig. 2. Molecules absorbed by time t at RX2 versus time t, where molecular
emission is impulsive at the TX and k = 0.
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Fig. 3. Absorbed molecules at two RXs in a time interval [t − ∆t, t]
versus time t. (a): Molecular emission is impulsive at the TX. (b): Molecular
emission is continuous at the TX.
Remark 1: The closed-form expressions for N1(t), n1(t),
and N1,con(t) are obtained by exchanging d1 and d2 therein
for N2(t), n2(t), and N2,con(t), respectively.
Remark 2: By setting k = 0 in the expressions for N2(t),
n2(t), and N2,con(t), we can obtain the corresponding expres-
sions without the occurrence of molecular degradation.
IV. NUMERICAL RESULTS
In this section, we present numerical results to validate
our theoretical analysis in Sec. III and provide insightful
discussions. The simulation results are conducted using a
particle-based simulation method [11], where all results are
averaged over 2000 realizations and the simulation time step
is ∆tsim = 0.001 s. Throughout this section, we set the
diffusion coefficient D = 79.4 µm2/s [12], an impulse of
emission Ntx = 5000 molecules, continuous emission with
emission rate µ = 1000 s−1, ∆t = 0.5 s, and k = 0.8 s−1,
unless otherwise stated. In all figures, we observe precise
agreement between our simulation results and the analytical
curves generated from Sec. III, which demonstrate the validity
of our analysis. Notably, we consider only i = [0, 1] in all
analytical expressions.
In Fig. 2, we plot molecules absorbed at RX2 by time t
using (7) and [6, eq. (11)], respectively. We note that [6,
eq. (11)] was initially applied to 3D environments but can
also be applied to 1D environments. In this figure, we do not
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Fig. 4. Absorbed molecules in a time interval at RX2 versus the distance
between the TX and RX1, where the TX emits molecules continuously.
TABLE I
THE RATIO BETWEEN d1 AND d2 IN FIG. 4
d2 [µm] 5 10 15 20 25
d1 [µm] 20.67 22.06 22.76 22.89 22.86
d1/d2 4.13 2.21 1.52 1.14 0.91
consider molecular degradation and we vary values of d1, d2,
and D to investigate the accuracy of (7) and [6, eq. (11)]. We
clearly observe that the simulation matches well with (7) and
a gap exists between (7) and [6, eq. (11)] for t > 2s, which
demonstrates the inaccuracy of [6, eq. (11)] for larger t.
Fig. 3 considers AMC RXs and plots the newly-absorbed
molecules at two RXs within a time interval [t−∆t, t] versus
time t, where Fig. 3(a) is for impulsive release and Fig. 3(b)
is for continuous release of molecules. In these two figures,
we investigate received signals at two RXs when they are
symmetric, i.e., d1 = d2 = 20 µm, or asymmetric, i.e., d1 =
25 µm, d2 = 15 µm. In particular, we also consider k =
0 s−1 for the impulsive emission. In Fig. 3(a), we see that the
molecular degradation reduces the absorbed molecules at RXs.
Fig. 3(b) shows that the number of newly absorbed molecules
becomes constant with increasing t.
In Fig. 4, we consider continuous emission at the TX and
examine the impact of the existence of RX1 on the asymptotic
received signal (i.e., the number of newly absorbed molecules
within a time interval [t − ∆t, t] as t → ∞) of RX2. We
compare the asymptotic received signal at RX2 when only
RX2 exists with the asymptotic received signal at RX2 when
both RX1 and RX2 exist. When both RXs exist, we fix d2
but increase d1. We are interested in the value of d1 when
the curve for two RXs merges with that for RX2 only since
two RXs are approximately independent when d1 is greater
than this value, as depicted in Fig. 4. We assume that the
minimum d1 resulting in no impact of RX2 is obtained when
the normalized difference between the two curves is less than
1%. In Table I, we record d2 and the corresponding minimum
d1, and calculate the ratio between such d1 and d2. Based
on the table, we observe that the ratio d1/d2 decreases as d2
increases.
V. CONCLUSION
In this letter, we focused on a 1D molecular communication
system to investigate channel responses between a single
TX and two fully-absorbing RXs. We derived new closed-
form expressions for the fraction of absorbed molecules and
4the corresponding hitting rate at each RX with an impulse
of molecular emission, as well as the expected absorbed
molecules at each RX with continuous molecular emission.
Our results showed that our analytical expressions are accu-
rate. For future work, we will extend the 1D environment to 3D
and consider deriving the CR between one TX and multiple
RXs that partially absorb molecules.
APPENDIX
PROOF OF THEOREM 1
Taking the integral for both (5) and (6) over the interval
[0, t], we obtain
N2(t) = F (d2, t)−N1(t) ∗ f(d1 + d2, t), (11)
N1(t) = F (d1, t)−N2(t) ∗ f(d1 + d2, t), (12)
where ∗ is the convolution operator. Substituting N1(t) in (11)
with (12) and performing the Laplace transform, we obtain
N2(s) =
exp
(
−d2
√
s+k
D
)
−exp
(
−(2d1 + d2)
√
s+k
D
)
s
(
1− exp
(
−2(d1 + d2)
√
s+k
D
)) , (13)
where N2(s) is the Laplace transform of N2(t). To obtain
the inverse Laplace transform of (13), we define two new
equations as
G(s)=
exp
(
−d2
√
s+k
D
)
−exp
(
− (2d1 + d2)
√
s+k
D
)
(s+ k)
(
1−exp
(
−2(d1 + d2)
√
s+k
D
)) (14)
and
H(s)=
exp
(
− d2√
D
s
)
s2
(
1−exp
(
− 2(d1+d2)√
D
s
))
︸ ︷︷ ︸
H1(s)
−
exp
(
− 2(d1+d2)√
D
s
)
s2
(
1−exp
(
− 2(d1+d2)√
D
s
))
︸ ︷︷ ︸
H2(s)
.
(15)
We note that N2(s) = G(s)+ ksG(s) and G(s) = H(
√
s+ k).
Thus, we first solve the inverse Laplace transform of H(s).
From (15), we observe that H1(s) and H2(s) have similar
forms. Thus, we only show the process of performing the
inverse Laplace transform of H1(s). We re-write H1(s) as
H1(s) = exp
(
− d2√
D
s
)
× 1
s
(
1− exp
(
−d1+d2√
D
s
))
× 1
s
(
1 + exp
(
−d1+d2√
D
s
)) . (16)
According to [13, eqs. (5.1), (5.26), (5.34), (1.18)], the
inverse Laplace transform of H1(s), denoted by h1(t), is
h1(t) =

0, 0 < t < d2√
D
(i+ 1)
(
t− d2√
D
− d1+d2√
D
i
)
,
d2√
D
+ 2i(d1+d2)√
D
< t < d2√
D
+ 2(i+ 1)d1+d2√
D
,
i = 0, 1, 2, 3, ...
(17)
According to [13, eq. (1.27)], the inverse Laplace transform
of H1(
√
s) is
L−1 {H1(√s)} = 1
2
√
pit3
∫ ∞
0
u exp
(
−u
2
4t
)
h1(u)du
=
1√
4pit
∞∑
i=0
(i+ 1)
[
2 exp
(
−u
2
4t
)(
id1 + (i+ 1)d2√
D
− u
)
+
√
4piterf
(
u√
4t
)] ∣∣∣∣
2(i+1)d1+(2i+3)d2√
D
2id1+(2i+1)d2√
D
, (18)
where F (x)
∣∣b
a
= F (b) − F (a). As aforementioned, H1(s)
and H2(s) have similar forms. Therefore, the inverse Laplace
transform of H2(
√
s), denoted as L−1 {H2(
√
s)}, can be
derived analogously. Based on [13, eq. (1.3)], (18), and
L−1 {H2(
√
s)}, the inverse Laplace transform of G(s), de-
noted by g(t), is derived as
g(t) = exp (−kt) (L−1{H1(√s)}−L−1{H2(√s)}) . (19)
Given N2(s) = G(s) + ksG(s), the inverse Laplace transform
of N2(s) is
N2(t) = g(t) + k
∫ t
0
g(u)du. (20)
Substituting (19) into (20), we obtain (7).
REFERENCES
[1] T. Nakano, M. J. Moore, F. Wei, A. V. Vasilakos, and J. Shuai, “Molecu-
lar communication and networking: Opportunities and challenges,” IEEE
Trans. Nanobiosci., vol. 11, no. 2, pp. 135–148, Jun. 2012.
[2] N. Farsad, H. B. Yilmaz, A. Eckford, C.-B. Chae, and W. Guo, “A com-
prehensive survey of recent advancements in molecular communication,”
IEEE Commun, Surveys Tuts., vol. 18, no. 3, pp. 1887–1919, Feb. 2016.
[3] Y. Fang, A. Noel, N. Yang, A. W. Eckford, and R. A. Kennedy,
“Convex optimization of distributed cooperative detection in multi-
receiver molecular communication,” IEEE Trans. Mol. Biol. Multi-Scale
Commun., vol. 3, no. 3, pp. 166–182, Sep. 2017.
[4] Y. Lu, M. D. Higgins, A. Noel, M. S. Leeson, and Y. Chen, “The effect
of two receivers on broadcast molecular communication systems,” IEEE
Trans. Nanobiosci., vol. 15, no. 8, pp. 891–900, Oct. 2016.
[5] W. Guo, Y. Deng, B. Li, C. Zhao, and A. Nallanathan, “Eavesdropper
localization in random walk channels,” IEEE Commun. Lett., vol. 20,
no. 9, pp. 1776–1779, Sep. 2016.
[6] J. W. Kwack, H. B. Yilmaz, N. Farsad, C.-B. Chae, and A. Goldsmith,
“Two way molecular communications,” in Proc. 5th ACM Int. Conf.
Nanoscale Comput. Commun., Reykjavik, Iceland, Sep. 2018, pp. 1–6.
[7] P. Cuatrecasas, “Membrane receptors,” Annu. Rev. Biochem., vol. 43,
no. 1, pp. 169–214, Jul. 1974.
[8] R. D. Keynes, Nerve and Muscle. Cambridge, U.K.: Cambridge Univ.
Press, 2001.
[9] R. Chang, Physical Chemistry for the Biosciences. University Science
Books, 2005.
[10] A. C. Heren, H. B. Yilmaz, C.-B. Chae, and T. Tugcu, “Effect of
degradation in molecular communication: Impairment or enhancement?”
IEEE Trans. Mol. Biol. Multi-Scale Commun., vol. 1, no. 2, pp. 217–229,
Jun. 2015.
[11] S. S. Andrews and D. Bray, “Stochastic simulation of chemical reactions
with spatial resolution and single molecule detail,” Phys. Biol., vol. 1,
no. 3, p. 137, Aug. 2004.
[12] H. B. Yilmaz, A. C. Heren, T. Tugcu, and C.-B. Chae, “Three-
dimensional channel characteristics for molecular communications with
an absorbing receiver,” IEEE. Commun. Lett., vol. 18, no. 6, pp. 929–
932, Jun. 2014.
[13] F. Oberhettinger and L. Badii, Tables of Laplace Transforms. Springer
Science & Business Media, 1973.
